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Abstract. We study a granular gas of viscoelastic particles, i.e, the kinetic energy
loss upon collision, characteristic of granular materials, is a function of the particles
relative velocities at impact. In order to characterize thermal memory in this system,
we study the temperature relaxation curves when the granular gas is subject to
sudden thermostat changes (the gas is heated homogeneously by means of a white
noise). Results show that the system may display anomalous cooling and heating
velocities at early times. In particular, a significant Mpemba effect is present; i.e., an
initially hotter/cooler granular gas can cool down/heat up faster than an in comparison
cooler/hotter granular gas. Moreover, a non-monotonic relaxation of the granular
temperature can also be observed (also known as Kovacs effect) when the granular gas
undergoes a certain protocol that sets it at a temperature equal to its long-time value.
We study our system via three independent methods: theoretical solution, molecular
dynamics simulations and exact numerical solution of the kinetic equation (obtained
by means of the Direct Monte Carlo simulation method). We find a good agreement
between all three methods.
Keywords: granular gases, memory effects. Submitted to: J. Phys. A: Math. Gen.
1. Introduction
Recently, observations in a number of systems have increasingly drawn a renewed
attention on two –apparently– paradoxical thermal behaviors, known as the Mpemba
effect (ME) and the Kovacs effect (KE) [1], which are referred to as thermal memory
effects [2]. The memory of a system can be described as its ability to encode, access and
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erase signatures of past history in its current state, which is typically related to a far-
from-equilibrium behavior [2]. In this work we study the existence of both the ME and
the KE in dilute granular fluids, which are complex systems formed by a large number
of particles of macroscopic size that undergo instantaneous binary inelastic collisions,
so that mechanical energy is not conserved.
The ME may be characterized in granular gases as follows: an initially hotter sample
can eventually cool faster than an initially comparatively warmer one, when both put
in contact with a granular temperature source that is cooler than both samples [3].
Traditional culture has been aware of the ME in water undergoing freezing since
a very long time ago, although it was systematically studied in a scientific work only
more recently. In particular, the effect owes its name to high-school student Erasto
B. Mpemba, who noticed and measured the effect in milk while making ice-cream in a
high-school lab. A complete account of the experimental observations (also with water
experiments) was later published by Erasto B. Mpemba in collaboration with Prof.
Osborne [4]. And yet the explanation of the underlying physical mechanism triggering
the effect has remained elusive for long.
However, rather recently, Lu and Raz showed that the ME should always be present
in Markovian processes [5]. In fact, they also proved that there exists also an inverse
ME; i.e., a sample of a system that is colder than another sample may heat up faster
when both are put in contact with the same hotter temperature source. The inverse
ME existence was shortly after confirmed in granular gases in an independent work by
other authors [3].
In addition, the ME has been found in theoretical models such as non-Markovian
mean-field systems [6], driven granular Maxwell gases [7], Ising’s antiferromagnetic
models [8, 9], quantum spin models [10] and other systems like carbon nanotube
resonators [11], clathrate hydrates [12], spin glasses, [13] and liquid water (not involving
a phase transition) [14], –this last work dissipating doubts about the existence of the
ME in water [15]. It has also emerged in denser confined granular systems [16] and in
granular gases with rotational degrees of freedom [17]. Moreover, in this recent work it
was shown that the ME may become huge if the rotations in the particles are taken into
account.
Therefore, the existence of the ME in granular matter seems to be well established
–at least from a theoretical point of view, since experimental evidence is still lacking–.
Thus, prior to searching for an experimental evidence of the ME in granular matter,
a verification of the theoretical predictions for models that are closer to the actual
experimental conditions is pertinent.
In effect, the collisional models used to describe the ME in granular fluids (inelastic
hard particles [3]) so far do not take into consideration the experimental evidence that
collisions usually depend on the particles relative velocities on impact. These particle
models may actually be seen as reductions of the Walton collisional model [18]. This
model takes into account the velocity dependence only through the friction coefficient,
which depends on the impact angle, for sufficiently small grazing angles [19, 20]. In
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turn, Walton’s model is a simplification of the theory by Maw, Barber, and Fawcett
[21] (although the work by Walton does incorporate the kinetic energy loss during
collisions), which is an extension of Hertz’s theory for elastic contacts [21, 22], and which
includes the effects of oblique impact in detail. Walton’s model makes a fair enough
description for the experimental conditions of collisions in a variety of hard materials
(such as metals) [20] but in general, it is known that the normal component of the post-
collisional relative velocity depends significantly on the impact velocity absolute value.
In this sense, Brilliantov, Po¨schel and collaborators worked on collisional models for
inelastic particles [23, 24] where the kinetic energy loss upon collision is considered to
be dependent on the impact velocity (henceforth, the model is referred to as viscoelastic
particles model) [24].
On a different note, there is also an extensive literature on the KE, which was
originally detected by Andre´ J. Kovacs and co-workers [25, 26] in a polymer system, in
an experiment described as follows. A sample of polyvinyl acetate, initially in a thermal
equilibrium state (with known temperature T0) is subject to a temperature quench, to
a value T1  T0. While the polymer is still relaxing towards the new equilibrium state,
the temperature is suddenly increased, at a (waiting) time tw, to an intermediate value
Tst, with T1 < Tst < T0. This temperature Tst is maintained stationary until the polymer
reaches a final equilibrium state. The trick in their set of experiments is that when Tst is
applied at time tw, the instantaneous volume V (t = tw) equals the stationary value that
the volume should have for Tst; i.e., V (t = tw, Tst) = Vst. In this way, both T (t = tw)
and V (t = tw) coincide with their stationary value and hence, as temperature is kept by
means of a temperature source, no further evolution for the volume would be expected.
Instead, the volume follows a non-monotonic time evolution; in this case what Kovacs
and co-workers observed was that the volume rebounds up to a maximum, decreasing
afterwards towards its final equilibrium value Vst = V (t = tw).
This non-monotonic behavior, later denominated Kovacs hump, consists therefore
in the volume reaching one maximum before returning to its equilibrium value Vst. As
these authors explained, such a behavior is due to the fact that the polymer has a
complex dynamics and there are additional relevant variables (other than volume and
temperature) involved in the relaxation process, these being coupled with each other
and with the temperature [26].
A similar effect has been observed in the temperature time evolution of granular
fluids subject to a sudden temperature change [27, 28, 29, 30]. The granular fluid
dynamics is in this case simpler (density and volume are maintained constant throughout
the process). Yet, the temperature evolution is coupled with higher moments in the
particle distribution function, thus allowing for memory effects during fast transients
[30].
Nevertheless, the KE behavior came up being actually more complex in granular
fluids, displaying a hump upwards, analogous to the hump encountered in the original
work by Kovacs –and thus called henceforth normal hump– for small inelasticities; and
an anomalous hump downwards, consisting in further cooling after the bath temperature
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is fixed during a cooling transient in systems with high inelasticities [27, 30, 28].
Recently, the KE has been reported in several other complex systems such as glassy
systems [31, 32] or active matter [33]; thus, one could expect this memory effect to appear
in other real systems. However, the collisional models in these works have neglected the
effects of impact velocity in the collision inelasticity.
Therefore, we will analyze in this work the conditions for the ME and KE to appear
in the more realistic viscoelastic model for inelastic particles. In the next section we
describe our system and the theoretical basis in more detail. Section 3 is devoted
to the analysis of our results involving the presence of a clear Mpemba-like effect
in our viscoelastic granular system, where we have considered both a cooling and a
heating protocol. In Section 4 we investigate the existence of a Kovacs-like effect and
its relationship with the parameters characterizing the system. Finally, Section 5 is
dedicated to discussion and final conclusions.
2. System and time evolution equations
We consider a system of thermalized grains, with a very low particle density –accounted
by the number density n– at all times, so that contacts occur only between two particles
and contact time is infinitesimal; i.e., contacts are reduced to instantaneous binary
collisions [34]. All particles are identical spheres of mass m and diameter σ and,
apart from having a mesoscopic size, there is no restriction regarding the value of their
diameter.
Further, collisions between particles are inelastic –i.e., energy is not preserved– and
are modeled so that the effects of relative velocity at impact are taken into account [24].
In particular, a velocity-dependent restitution coefficient, given by
 = 1− C1Aα2/5|v12 · e|1/5 + C2A2α4/5|v12 · e|2/5 ∓ . . . (1)
can be obtained as in [23], with A the –material dependent– dissipative constant,
α =
(
3
2
)3/2 Y√σ
m(1−ν2) , Y the Young modulus, ν the Poisson ratio and C1 = 1.15344 and
C2 = 0.79825 known constants; the terms containing higher powers of A can be neglected
for A small enough. In summary, the restitution coefficient can be described as
 = 1− γν |v12 · e|1/5 + γ2ν |v12 · e|2/5, (2)
where the known dissipative coefficient γν = C1Aα
2/5 fully depends on the material
properties.
Thermalization of grains is achieved by means of the action of a homogeneous
stochastic force. Therefore, the evolution equations of our system can be described by
the theory developed by Dubey, Bodrova, Puri and Brilliantov [35] which adopts the
Hertz’s model adapted for inelastic collisions into the kinetic equation of a granular gas
under the action of a stochastic thermostat. In this case the thermostat has the form
of a white noise [36],
〈Fwn〉 = 0, 〈Fwni (t)Fwnj (t′)〉 = δijδ(t− t′)ξ20I, (3)
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where I is the 3× 3 unit matrix. As a consequence, and in a low density homogeneous
system,
∂f
∂t
= J [v|f(t)] + ξ
2
0
2
∂2f(v, t)
∂v2
, (4)
in which J [v|f(t)] is the Boltzmann collision integral for inelastic smooth hard spheres
[34]; thus the system distribution function is described by a Boltzmann–Fokker–Planck
equation.
The time evolution of the temperature T of a system with initial temperature T0,
and its first two Sonine coefficients (also called cumulants) a2, a3 [37, 38] can be written
as
dT
dt
= − κ̂
3
µ2T
3
2 +mξ20 , (5)
da2
dt
=
2
3
κ̂(1 + a2)µ2
√
T − 2
15
κ̂µ4
√
T − 2a2
T
mξ20 , (6)
da3
dt
= κ̂(1− a2 + a3)µ2
√
T − 2
5
κ̂µ4
√
T +
4
105
κ̂µ6
√
T − 3a3
T
mξ20 , (7)
where the cumulants (in three-dimensional systems) are defined as [38]
a2 =
4
15
〈c4〉 − 1, a3 = 4
5
〈c4〉 − 8
105
〈c6〉 − 2 , (8)
with c ≡ v/√2T/m, and µp the p-th moment of the collision integral, linearized in [35]
as:
µp(T, a2, a3) =
20∑
k=0
(
M
(p,0)
k +M
(p,2)
k a2 +M
(p,3)
k a3 +M
(p,22)
k a
2
2 +
+M
(p,33)
k a
2
3 +M
(p,23)
k a2a3
)[ γν
C1
(
2T
m
) 1
10
] k
2
.
(9)
Here, M
(p,j)
k are known numerical constants and, for convenience, we have defined
κ̂ = 2
√
2g(n, σ)σ2n/
√
m, where g(n, σ) is the value of the pair correlation function
at contact [24].
When a steady-state is reached, the system temperature and the velocity
distribution function become time independent; we will label the parameters of the
system at such a state with superindex “st”. Then, equations (5)-(7) allow finding
the analytical expression for the steady-state temperature T st. By setting these equal
to zero, we get µst2 =
3mξ20
κ̂(T st)
3
2
, and, with some little algebra, the following system of
equations:
T st =
[
3mξ20
κ̂µst2
] 2
3
, (10)
µst4 = 5µ
st
2 , (11)
µst6 =
105
4
(ast2 + 1)µ
st
2 , (12)
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which can be solved numerically with a fixed point iteration scheme by means of the
approximation given by equation (9).
In a system like the one described above, we can conduct both Mpemba-like
and Kovacs-like experiments. The initial conditions triplet (T (0), a2(0), a3(0)) used
throughout this work are provided at particle level by an initial velocity distribution,
where the particle velocity is expressed in spherical coordinates; the modulus v is
randomly drawn out of a Gamma distribution fα,0,β(v
2), whereas the angular parts
are random variates of uniform distributions. The general definition of the Gamma
distribution, in terms of the variable v2 is [39]
fα,a,β(v
2) =
{
1
Γ(α)βα
(v2 − a)α−1e−(v2−a)/β, v ≥ a
0, v < a.
(13)
3. Mpemba Effect in a granular gas of viscoelastic particles
Similarly to the procedure for a simpler collisional model of hard particles with constant
coefficient of restitution [3], and in order to observe the ME in our system, we consider
the following protocol: the granular gas is subject to a sudden temperature change,
as a consequence of which its distribution function is taken off far from its steady
state shape; i.e., the cumulants a2 and a3 [40] get instantaneous values far from their
respective stationary ones for a given restitution coefficient . We consider two variants
of this protocol: a) a heat pulse, and hence the temperature is raised with respect to
its stationary value for a given white noise intensity ξ20 ; and b) a quenching process,
resulting in an instantaneous temperature that is below its stationary value. Further
evolution causes a temperature decrease/increase for the heat pulse and the quench
variants, respectively.
The question remains if an anomalous temperature relaxation rate can be observed
when the granular gas is driven out of its steady state. By anomalous we mean here
the following: for two different sets of initial conditions of the same system subject to
the same protocol variant: a) for the heat pulse, the one with larger initial temperature
(hotter) cools down faster; b) for the quench, the one with lower initial temperature
(cooler) heats up faster. We proceed in this way in the search of an analogous process
to fast freezing of hot water known from Antiquity.
Therefore, we consider a pair of the triplet of initial conditions for T, a2, a3, which
are the relevant variables in the system of equations (5)–(7). We label these two triplets
as (θfurther0 , a
further
2 , a
further
3 ) and (θ
closer
0 , a
closer
2 , a
closer
3 ), where, for convenience, we have
defined the reduced temperature θ ≡ T (t)/Tst and θ0 ≡ T (t = 0)/Tst.
After the thermal heat pulse/quench, we let the granular gas relax towards its
stationary state. Figure 1 depicts the evolution of the reduced temperature θ with
respect to the scaled time τ = κ
√
T stt for both cooling (top curves) and heating
(bottom curves) processes and three independent methods: solution of the system of
equations (5)–(7), molecular dynamics simulations (MD) and exact numerical solution of
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the kinetic equation obtained by means of the Direct Simulation Monte Carlo method
(see Appendix for more details on our MD and DSMC simulations). For the heat
pulse variant (T further0 > T
closer
0 ), we have represented the triplets (1.04, 0.5,−0.071) and
(1.03,−0.35,−0.375), whereas for the quench protocol (T further0 < T closer0 ) we have used
the triplets (0.96, 0.5,−0.071) and (0.97,−0.35,−0.375). Our results exhibit an excellent
agreement; a Mpemba-like effect in the cooling process and an inverse Mpemba-like effect
in the heating process are clearly detected since there is a crossing of the temperature
relaxation curves; i.e., the temperature that is further away from its stationary state
achieves the steady state quicker. For completion, we have represented as well an
initial state with a Maxwellian state (aj = 0, j = 2, 3) with intermediate reduced
initial temperatures for both the heat pulse and the quench, given by θM = 1.035
and θM = 0.965, respectively (see black curves and symbols in Figure 1). Notice that
the relaxation curve of the initial state whose temperature is initially further from the
stationary value also crosses with the one having intermediate Maxwellian initial state.
This is an interesting result that indicates that the initial conditions further away from
the steady state can also produce an ME relative to an initial state that resembles a
microscopic equilibrium state.
a2(0)	=	0.5
a2(0)	=	0
a2(0)	=	-0.35
T(
τ	
)/
T s
t
0.96
0.98
1.00
1.02
1.04
τ
0 2 4 6 8 10
Figure 1. Evolution of the scaled temperature θ towards the steady state showing
a clear Mpemba-like effect in a cooling process (top curves, with initial states
(θ0, a2,0, a3,0) = (1.04, 0.5,−0.071), (1.035, 0, 0) and (1.03,−0.35,−0.375)) and an
inverse Mpemba-like effect in a heating process (bottom curves, with initial states
(θ0, a2,0, a3,0) = (0.97, 0.5,−0.071), (0.965, 0, 0) and (0.96,−0.35,−0.375)). Solid lines
represent the exact solution, open circles correspond to MD, and dotted lines with
crosses refer to DSMC simulations.
4. Kovacs effect in a granular gas of viscoelastic particles
In an analogous manner, and in order to detect the KE in granular fluids with the more
realistic viscoelastic model, we can proceed in the following way. The system, subject
to a stochastic thermostat of intensity ξ20 , is set so that T (t = 0) = Tst(ξ
2
0). In addition,
the cumulants initial values, a2(t = 0) and a3(t = 0), are far from their steady state
values, similarly to the ME case. Having the system at the steady state temperature,
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any eventual departure of the granular temperature at later times should correspond to
a Kovacs-like effect. This is potentially possible due to the strong coupling of the time
evolution of the cumulants a2 and a3 and T (see Equations (5)-(7)). Certainly, we have
observed the KE, for wide ranges of the parameters space.
We illustrate this in Figure 2, in panel (a) for low inelasticity (γν = 0.2) and in
(b) for a more inelastic gas (γν = 0.577); the different values of a2(0) and a3(0) used
in these curves are summarized in Table 1. Both cases display strong and remarkably
similar KEs. It is also interesting to notice that in general there is a good agreement
between theory and simulation.
(a) (b)
γv	=	0.20
a2	=		0.50
a2	=		0.15
a2	=	-0.15
a2	=	-0.35
T(
τ	
)/
T s
t
0.99
1.00
1.01
τ
0 2 4 6 8 10 12
γv	=	0.577
a2	=		0.50
a2	=		0.15
a2	=	-0.15
a2	=	-0.35
T(
τ	
)/
T s
t
0.99
1.00
1.01
τ
0 2 4 6 8 10 12
Figure 2. Theoretical (lines), MD simulation (open circles) and DSMC (dotted lines
with crosses) results, showing the KE for γν = 0.2 (a) and γν = 0.577 (b).
Table 1. Initial values of the cumulants a2 and a3 used in Figure 2. The stationary
values of the cumulants are a2(t = ∞) = −0.012312 and a3(t = ∞) = −0.003249 for
γv = 0.2 and a2(t =∞) = 0.003957 and a3(t =∞) = −0.002768 for γv = 0.577.
a2(t = 0) 0.5 0.15 -0.15 -0.35
a3(t = 0) -0.07143 0.05357 -0.11786 -0.375
In order to investigate the Kovacs hump sign transition, we plot in Figure 3 the
evolution of the hump size and sign as a function of the inelasticity parameter γν , for
different fixed initial values of the cumulants a2(0), a3(0) (as summarized in Table 1).
The results show that the hump size strongly depends on the degree of inelasticity of
the collisions, the Kovacs effect tending to be more prominent for more inelastic gases
and vanishing in the quasi-elastic limit. Also, results confirm here again that the hump
sign is systematically the same for a quasi-elastic and a highly inelastic gas, with a sign
transition occurring approximately at a2(0) = 0. In fact, the sign deeply depends on the
difference between a2(0) and a2(t =∞). Interestingly, the a2(0) curve displays a Kovacs
sign behavior that is the opposite to the one reported for hard spheres; i.e., in a granular
gas of viscoelastic particles we may find situations where the Kovacs hump is anomalous
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a2(0)	=		0.50
a2(0)	=		0.15
a2(0)	=		0.00
a2(0)	=	-0.15
a2(0)	=	-0.35
H
um
p	
in
	T
(τ
	)/
T s
t	(
×	
10
-2
)
−2.0
−1.0
0.0
1.0
γv
0.00 0.20 0.40 0.60 0.80 1.00
Figure 3. Size of the theoretical hump in the granular temperature evolution as a
function of γν for different values of a2(0) and a3(0) (as reported in Table 1). The
sign of the kurtosis nearly determines whether the evolution curves exhibit an upwards
(a2(0) < 0) or downwards (a2(0) > 0) hump, except for the case a2(0) = 0, where
(although very slightly) the opposite behavior is found.
for a quasi-elastic gas whereas for highly inelastic gases we can find the normal behavior
of equilibrium systems. This result is surprising as long as granular gases further from
equilibrium display a thermal memory more similar to that of equilibrium systems.
5. Discussion
We have analysed the presence of two memory effects in a system of identical viscoelastic
spherical grains, where the coefficient of restitution depends on the relative velocities of
colliding particles [35]. We subject the granular gas to thermal protocols by means of a
homogeneous stochastic force or thermostat. We have observed that, under appropriate
conditions, the temperature relaxation curves may display a rich phenomenology of
memory effects. On one hand, we have confirmed the existence of the so-called Mpemba
effect; i.e., an initially hotter (colder) gas can cool down (heat up) more quickly.
Additionally, temperature relaxation humps (Kovacs effect) appear when the granular
gas stationary temperature is fixed during a transient, for certain initial conditions.
It is interesting to note that the Kovacs effect behavior that we observed is
qualitatively different from the one reported for granular gases of smooth hard particles,
as described in the previous section. Much like in the case of a granular gas of hard
particles, we observe here downwards and upwards Kovacs effects, but the specific hump
sign is mainly controlled here by the initial values of the cumulants whereas for smooth
hard particles the sign transition is driven by inelasticity [27].
Attending to the thermal memory origin in the granular gas of viscoelastic particles,
we have shown that the Mpemba and/or Kovacs effects appear when, for a granular fluid
relaxing towards a stationary state, the initial values of the cumulants are far from their
steady state values. We also show this is due to the existing coupling between cumulants
and temperature, which induces its direction. Furthermore, both memory effects arising
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from a coupling of the granular temperature with a2 and a3 represents a step towards
a unifying description of memory effects in the context of granular dynamics and opens
new avenues for the study of more sophisticated systems like the ones composed by
anisotropic particles [41, 42, 43].
In summary, memory effects are intrinsically present in a granular gas whose particle
collisions are described with the more realistic viscoelastic model, which demonstrates
that they are not artifacts of the kinetic theory of granular gases. Therefore, and since
these memory effects are ubiquitous in granular fluids theoretical studies, regardless of
the collisional model employed, we suggest they should be easily detectable in laboratory
experiments.
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Appendix: Numerical methods
As explained in the body of the text, we have carried out our study by using
three complementary techniques: numerical solution (by means of the MATLAB
package) of the time differential equation system of the first three moments of the
distribution function, accounting for the required approximations, molecular dynamics
(MD) simulations, and numerical solution of the kinetic equation obtained through the
Direct Monte Carlo simulation method (DSMC) [44].
The MD data sets have been obtained out of simulation runs with dimensionless
number density nσ3 = 0.01. In the ME study, we use a coefficient of restitution
according to equation (2) with dissipative coefficient γν = 0.577 and an appropriate
gamma distribution for the initial velocity distribution function [45] to recreate the
values of a2. Hence, the values of a3 are the ones associated to such a distribution.
For MD simulations, we average over 103 trajectories. On the other hand, we needed
more computational trajectories to evince the more subtle KE for some of the values
of γν , thus we averaged over 10
4 trajectories. For DSMC we have used 100 replicas of
simulations with 2× 105 particles.
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